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ABSTRACT

The Smith normal forms of an Hadamard matrix of order 4m (m square-free),
and of the incidence matrix of a (v, k, 1) configuration (n=k—41 square-free
(n, ) = 1), are determined.

Introduction

In a recent article [3] it was shown that if H is a v x v Hadamard matrix
where v = 4m and m is odd and square-free, then the invariant factors of H
are 1(once), 2(2m — 1 times), 2m (2m — 1 times), and 4m (once). Here we give
a short proof of this result without the restriction that m be odd, which is un-
necessary. Our results give a good deal of additional information on the possible
Smith normal forms of an Hadamard matrix. We also derive some results on
the invariant factors of (v, k, A) configurations.

A good general reference on the Smith normal form and the theory of equiv-
alence is [1]. If A is an n X n non-singular integral matrix, we denote the Smith
normal form of 4 by

S(A) = dlag (sl(A)a SZ(A)a T sn(A))s

so that s,(4) is the kth invariant factor of A, 1 < k < n. The transpose of 4
will be denoted by AT. We quote two results; the first is proved in [2], the
second is obvious.

(1) If 4,B are n X n non-singular integral matrices, then s,(A4B) is divisible
by s5,(4) and by s(B), 1 =k < n.
(2) S(4") = 5(4).
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Hadamard matrices
Suppose that H is a v x v Hadamard matrix (v = 4m), so that H has entries
+ 1, and H satisfies

HH" = ol.
Then
H" = vH™!,
and so by (2),

S(H) = SwH™).
It follows easily that if
S(H) = diag(hla hz,"',hv);

then
he = v/hy_ys1, 15k

I\

v.
Thus we have that
S(H) = diag(hy, by, s Myps U/Bops /By, -5 0/ By).
where
h ey, 1Sk<2m—1, hy,|4m.

Now suppose that m is square-free. Then himl4, and so h,, is either 1 or 2,
Thus to determine S(H) completely we need only know the rank of H if its entries
are taken modulo 2. But this, clearly, is 1, since H = Jmod 2, where J is the
v x v matrix all of whose entries are 1. Thus we have proved

THEOREM 1. Suppose that v = 4m, where m is square~free, and let H be

an Hadamard matrix of order v. Then the invariant factors of H are
1(once), 2(2m—1 times), 2m(2m—1 times), 4m(once)

(v, k, 1) configurations, Now .suppose that A4 is the incidence matrix of a (v, k, 2)-
configuration: i.e., Ais a v x v matrix of zeros and ones with precisely k ones
in each row and column such that

AAT = ATA = nl + AJ,

where n = k—A. Then (v—1)A = k(k—1) and it is of some interest to determine
(if possible) the invariant factors of A. Two such configurations with corre-
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sponding incidence matrices 4, B are said to be isomorphic if permutation matrices
P, O exist such that B = PAQ. The problem of deciding when two configura-
tions are isomorphic is both difficult and important. An obvious necessary con-
dition for this to happen is that their corresponding incidence matrices have
the same invariant factors, making the Smith normal form an important tool.
Another possible application of the Smith normal form ‘might be to results on
the non-existence of such configurations.

In the “‘projective plane’’ case (=1, k=n+1, v =n*>+n+1) it was
shown in [2] that if n is square-free then the invariant factors of A are

1 (sz;l times), n (U ; 3times) , n(n+ 1) (once).

We generalize this result in what follows. We first prove

LemMAa 1. Let (n,A) = A. Then
S(nl + AJ) = diag(A, n, -, n,nk?/A).
Proor. Perform the following elementary operations on the matrix nl + AJ:
(3) Subtract row 1 from each of the other rows.
(4 Add allthe columns but the first to the first column.
(5) Subtract column 2 from columns 3,--+,v.
(6) Add rows 3,---,v to row 2.
The result is the matrix

(n + v /1) +oni,_,,
0 n
where I,_, denotes the identity matrix of order v—2. Now because
(n+Av,4,0,n) = A,
the 2 x 2 matrix is equivalent to
(A °
I " J
Lo KM+M

and the result follows, since n + Av = k*.
We also require
LEMMA 2. Suppose that n is square-free. Let X{,X,, ---,X, be positive in-

tegers such that



Vol. 10, 1971 COMBINATORIAL MATRICES 129

) xklxk+1, 1sksr-1, xn,

(8) x3%p-++x, = n'.

Then
xx=1,12isr-t; x;=n3r—t+15j=sr.

ProoF. Let p be any prime dividing n. Let e, be the least value of k such
that plxk, 1 £ k = r. Then, because the x, are square-free and satisfy (7),
the exact power of p dividing x,x, - x, is p’"°**'. But (8) implies that this is
also p'. It follows that e, = r—t + 1, so that e, is independent of p. Applying

this result for all primes p dividing n we deduce the result.

Let A be the incidence matrix of a (v,k, 1) configuration. We go on now to
analyse S(A4). Write
S(A) = dlag (ahaZa ttts “u)-

Then by (1) and the previous lemma,
0 |A, o ln, 2L kS v—1, a|nk?YA.

But the fact that AJ = JA = kJ easily implies that k | «,. For if 4 = US(4)V,
U, V unimodular, then

JUSAYW = JA = kJ,
and since V is unimodular,

JUS(A) = 0 mod k.
Since oy |e,, 1 < k < v, it follows that

2 JU = O0mod k.
Again, since U is unimodular, it follows that «, J = 0 mod &,
so that
o, = Omod k,

as desired. Thus we can write

o, = ko, ay|nkjA.

Now note that
ale ...au = n(U_l)/zk
so that

© “1“2'”“0-—1“0' = p (@12
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We now assume that

A=1.

Then because o, |nk, o, [n“’"’/z, and (n,k) = 1, we get that «,|n. Similarly,

since o, . I ke, and o, 4 ln, we get that a,_, Ioc,,’. Thus we have that
(10) o |otsr, 1S kS 0=2, oo, o) |n.

Now assume that n is square-free. Then (9), (10), and Lemma 2 together imply
that

Summarizing, we have proved

THEOREM. 2. Suppose that A is the incidence matrix of a(v,k,A) configura-
tion, where n = k— 1 is square-free and (n,2) = 1. Then the invariant factors
of A are

1 (v -I2- 1times), n (U ; 3times) , hk{once).

REFERENCES

1. C. C. MACDUFFEE, The theory of matrices, Reprint of first edition, Chelsea, New York,
1964.

2. M. NEwWMAN, On the Smith normal form, To appear.

3. W.D. WaLLs AND J. WaLuis, Equivalence of Hadamard matrices, Israel J. Math, 7
(1969), 122-128.

NATIONAL BUREAU OF STANDARDS,
WASHINGTON, D. C. 20234



